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SHARP LOCAL WELL-POSEDNESS OF KDV TYPE EQUATIONS 
WITH DISSIPATIVE PERTURBATIONS 

XAVIER CARVAJAL, MAHENDRA PANTHEE 

Abstract. In this work, we study the initial value problems associated to some linear 
perturbations of KdV equations. Our focus is in the well-posedness issues for initial data 



O . . n 

fvj ' given in the L -based Sobolev spaces. We derive bilinear estimate in a space with weight 

^ I in the time variable and obtain sharp local well-posedness results. 

< 

; 1. Introduction 

^ . In this article, continuing our earlier work [6], we consider the following initial value 

^ I problems (IVPs) 

^' vt + v^^^ + r]Lv + (v^)^ = 0, X G M, t > 0, 

(1.1) 
v{x,0) =Vo{x), 

^ ■ and 

Tt ■ Ut + u^xx + r]Lu + {u^f = 0, X G R, t > 0, 

)0 : (1.2) 

u{x, 0) = Uo{x), 



where r^ > is a constant; u = u{x, t), v = v{x, t) are real valued functions and the linear 
operator L is defined via the Fourier transform by Lf{^) = — $(^)/(,^). 
The Fourier symbol $(0 is of the form 

$(o = -ier + $i(o, (1-3) 
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where p e IR+ and |$i(OI < C{1 + |^|''') with < q < p. We note that the symbol <l>(^) 
is a real valued function which is bounded above; i.e., there is a constant C such that 
$(^) < C (see Lemma [2.21 below) . In our earlier work [B], we considered a particular case 
of $(0 ill the following form 

n 2m 

Ho = 5ZIZ^M^'I^I'' ^M- ^ ^' ^2m,n = -1, (1.4) 

j=0 i=0 

with p := 2m + n. 

We observe that, if m is a solution of (II. 2p then f = m^ is a solution of (11.11) with initial 
data Vq = {uo)x. That is why (II. ip is called the derivative equation of (11.21) . 

In this work, we are interested in investigating the well-posedness results to the IVPs 
(11.21) and (11.11) for given data in the low regularity Sobolev spaces if*(]R). Recall that, 
for s G M, the L^-based Sobolev spaces iJ*(R) are defined by 

i/^(R):={/GS'(M):||/||H»<oo}, 

where 

\\f\\Hs:={f{i + \er\m\'d^) 

and /(^) is the usual Fourier transform given by 

/(0 = 3^(/)(0:=^/e-^^^/(x)da;. 

v2vr jR 

The factor -j= in the definition of the Fourier transform does not alter our analysis, so 



1/2 



we will omit it. 

The notion of well-posedness we use is the standard one. We say that an IVP for 
given data in a Banach space X is locally well-posed, if there exists a certain time interval 
[0, T] and a unique solution depending continuously upon the initial data and the solution 
satisfies the persistence property; i.e., the solution describes a continuous curve in X in 
the time interval [0, T]. If the above properties are true for any time interval, we say that 
the IVP is globally well-posed. 
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With motivation from the work in [12j, we introduce function spaces that will be used 
to prove the local well-posedness results. For p > and t G [0,T] with < T < 1, these 
spaces are defined with weight in time variable via the norms 



j:= sup ||/(t)b=+t^||/(t)|U. , (1.5) 

te[o,T] >- '' 

and 

||/||y^:= sup {||/(t)||H»+t'l^||5./(t)|u4' (1-6) 

and will be used to prove local well-posedness for the IVPs (11.11) and (11. 2p respectively. 
We use notation (■) = (1 + | ■ |). 

Now, we state the main results of this work. The first result deals with the local 
well-posedness results for the IVP (II. ip . 

Theorem 1.1. Let r] > be fixed and ^{0 ^^ <^^ given by (II. 3p with p > 3 as the 
order of the leading term, then the IVP (II. ip is locally well-posed for any data Vo € 
H^{M.), whenever s > — |. Moreover, the map vq t-)- v{t) is smooth from H'^(R) to 
C{[0,T];H'{m))nX^ 

The the second result deals the same for the IVP (11.21) . with low regularity data. 

Theorem 1.2. Let rj > be fixed and $(0 be as given by (II. 3p with p > 3 as the 
order of the leading term, then the IVP (II. 2p is locally well-posed for any data uq G 
H^(M.), whenever s > 1 — |. Moreover, the map uq H- u{t) is smooth from H^{W) to 
C{[0,T];H'{M.))nYS 

The third and the fourth results deal with the ill-posedness issues for the IVP (II. ip and 



(II. 2p respectively and show that the results obtained in Theorems 11.11 and 11.21 are sharp. 

Theorem 1.3. Let s < — |, then there does not exist any T > such that the IVP (II. ip 
admits a unique local solution defined in the interval [0, T] such that the flow-map 

vo^v{t), te[0,T], (1.7) 
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ts C^-differenUable at the origm from H'{M.) to C{[0,T]; H'{R)). 

Theorem 1.4. Let s < 1 — f , then there does not exist any T > such that the IVP 
( II. 2p admits a unique local solution defined in the interval [0, T] such that the flow-map 

uo^u{t), te[0,T], (1.8) 

is C^-differentiahle at the origin from H%R) to C{[0,T]; H-'{R)). 

Remark 1.5. As it can be seen in the proofs below, our method in this article holds only 
for — I < s < I m Theorem \1.1\ and for 1 — |<s<l + |m Theorem \ 1.2 considering 
p > 3. However, for s > | ( Theorem \1.1\) and s > 1 + | ( Theorem \ 1.2^) we already have 
proved local well-posedness in our earlier work [6J. As far as we know, the case when 
2 < p < 3 is an open problem and is a subject of research in our ongoing project. For 
motivation, we refer to the recent work of Molinet and Rebaud [17] where the authors 
proved sharp local well-posedness for s > — 1 considering p = 2 in the frame work of the 
Fourier transform restriction norm spaces introduced by Bourgain |5]. 

Remark 1.6. We believe that this method can be extended to address the local well- 
posedness issues for the IVPs fll.ip and f ll.2p with generalized nonlinearity, (i.e., for 
dx{v''~^^) and {d^u)^^^, k > 1, respectively). In this case the spaces X^ and Y^ should be 
adapted according as the values of k and p. A work in this direction is in progress. 

In what foUows, we present some particular examples that belong to the class considered 
in fll.ip and (11. 2p and discuss the known well-posedness results about them. 
The first examples belonging to the classes (II. ip and (II. 2p are 

Vt + Vxxx - Vi^Vx + ^Vxxx) + {v'^)x = 0, x G M, t > 0, 

v{x, 0) = vo{x) 

and 



;i.9) 



/) 



ut + Uxxx - vi^Ux + ^Uxxx) + {uxf = 0, X e M, t > 
u{x,Q) = Uo{x), 



;i.io) 
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respectively, where "K denotes the Hilbert transform 






u = u{x,t), V = v{x,t) are real- valued functions and r/ > is a constant. 

The equation in (ll.9p was derived by Ostrovsky et al [IB] to describe the radiational 
instability of long waves in a stratified shear flow. Recently, Carvajal and Scialom ^ 
considered the IVP (11.91) and proved the local well-posedness results for given data in 
H^, s > 0. They also obtained an a priori estimate for given data in L^(]R) there by 
proving global well-posedness result. The earlier well-posedness results for fll.9p can be 
found in [T], where for given data in H'^{M.), local well-posedness when s > 1/2 and global 
well-posedness when s > 1 have been proved. In pQ , IVP fll.lOp is also considered to prove 
global well-posedness for given data in H^{M.), s > 1. These results are further improved 
in our recent work [7J and [6J, where we proved that the IVPs (11. 9p and (ll.lOp for given 
data in H'^(M.) are locally well-posed whenever s > — | and s > ^ respectively. To obtain 
these results we followed the techniques developed by Bourgain [5] and Kenig, Ponce and 
Vega [in] (see also [2D])- The main ingredients in the proof are estimates in the integral 
equation associated to an extended IVP that is defined for all t G M. The main idea in [7] 
and [6] is to use the usual Bourgain space associated to the KdV equation instead of that 
associated to the linear part of the IVPs (11.11) and (11.21) . For the well-posedness issues in 
the periodic setting we refer to [9]. 

Another two models that fit in the classes (II. 2p and (II. ID respectively are the Korteweg- 
de Vries-Kuramoto Sivashinsky (KdV-KS) equation 



Ut + Uxxx + ViUxx + Uxxxx) + {U^f = 0, X G M, t > 0, 

(1.11) 
M(a;,0) = Uq{x), 
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and its derivative equation 

Vt + Vxxx + ?7(fxx + Vxxxx) +VVx=^, X G M, t > 0, 

(1.12) 
t;(x,0) = vo{x), 

where u = u{x,t), v = v{x,t) are real- valued functions and r^ > is a constant. 

The KdV-KS equation arises as a model for long waves in a viscous fluid flowing down an 
inclined plane and also describes drift waves in a plasma (see [HI EI])- The KdV-KS equa- 
tion is very interesting in the sense that it combines the dispersive characteristics of the 
Korteweg-de Vries equation and dissipative characteristics of the Kuramoto-Sivashinsky 
equation. Also, it is worth noticing that (I1.12p is a particular case of the Benney-Lin 
equation [2], [21]; i.e., 

Vt + Vxxx + V{Vxx + Vxxxx) + I^Vxxxxx + VVx = Q, X G M, t > 0, 

(1.13) 
t;(x,0) = vq{x), 

when /3 = 0. 

The IVPs (II. lip and (I1.12p were studied by Biagioni, Bona, lorio and Scialom [3] . The 
authors in |3| proved that the IVPs (II. lip and (11.121) are locally well-posed for given 
data in if^, s > 1 with r/ > 0. They also constructed appropriate a priori estimates 
and used them to prove global well-posedness too. The limiting behavior of solutions as 
the dissipation tends to zero (i.e., r] — )■ 0) has also been studied in [3j. The IVP (I1.13P 
associated to the Benney-Lin equation is also widely studied in the literature [21 HI [21] . 
Regarding well-posedness issues for the IVP (I1.13P the work of Biagioni and Linares [1] 
is worth mentioning, where they proved global well-posedness for given data in L^(]R). 
For the sharp well-posedness result for the KdV-KS equation we refer to the recent work 
of Pilod in ^Q] where the author proved local well-posedness in if'^(R) for s > — 1 and 
ill-posedness for s < — 1. 
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Now we consider the IVP associated to the hnear parts of fll.ip and fll.2p . 

wt + w^^^ + T]Lw = 0, X, t>0, 

(1.14) 
w{0) = Wq. 

The solution to fll.141) is given by w{x, t) = V(t)wQ{x) where the semigroup V(t) is defined 

as 

m^oiO = e^*«'+^**(«)^(0. (1.15) 

This paper is organized as follows: In Section [21 we prove some preliminary estimates. 

Sections |3] and H] are dedicated to prove the local well-posednes and ill-posedness results 

respectively. 

2. Preliminary estimates 

This section is devoted to obtain linear and nonlinear estimates that are essential in 
the proof of the main results. We start with following estimate that the Fourier symbol 
defined in (11. 3p satisfies. 

Lemma 2.1. There exists M > large such that for all \^\ > M , one has that 

$(o = -ier+<^i(o<-i, (2.1) 

Ml<i (22) 

and 

\C\P 

l«^(OI>^- (2.3) 



Proof. The inequalities (12. ip and (12. 2 p are direct consequences of 

limM)±l = o and lim Ml = q, 

respectively. 

The estimate (Q follows from (EH) and (Q. In fact, for |^| > M 

i*(oi = ier-$i(o>^, (2.4) 
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and this concludes the proof of the fl2.3p . D 

Lemma 2.2. The Fourier symbol $(^) given by (11.31) is bounded from above and the 
following estimate holds true 

||e**«)|Uoc <e^^^^. (2.5) 



Proof. From Lemma 12. ![ there is M > 1 large enough such that for \^\ > M one has 
$(0 < -1- Consequently, e**(«) < e~* < L Now for |^| < M, it is easy to get $(0 < Cm, 
so that e**^^^ < e^^^' . Therefore, in any case 

n 

The following result is an elementary fact from calculus. 

Lemma 2.3. Let f{t) = t"e*^ with a > and b < 0, then for all t > one has 

a 



m < (^ j e-". (2.6) 

Lemma 2.4. Let < T < 1 and t G [0, T]. Then for all s G M, we have 

\\V{t)u,\\xi,<e''''^\\uo\\Hs, (2.7) 



where the constant Cm depends on M with M as in Lemma \2.1[ 

Proof. We start by estimating the first component of the X|,-norm. We have that 

\\V{t)uo\\Hs = ||(e)V*«^%(OIU^ < l|e**(«)||Lo^|kolk- (2.8) 

Using ([23D in ([2SD, we get 

\\V{t)uo\\Hs<e'^^''\\uo\\Hs. (2.9) 
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Now, we move to estimate the second component of the X|,-norm. The case s > is 
quite easy, so we consider only the case when s < 0. Using Plancherel, we have 

tT\\V{t)uo\\L^=t^\\e"'^^^Uo\\L^ 

= t^||(0-V*(«)(0^tro|U. (2.10) 



ki 



<t^||(0'^'e**^'lL-ll«o 



iH" 



Since (0''' < 1 + |^|''', from (IXTOjl . one obtains 

t^\\V{t)uo\\L^ < t^ [||e**(«)|Uoo + |||el'^'e**(«)|Uo.] WuoWhs. (2.11) 

From f l2.5p . we have ||e***^^^||Loo < e^'^'^' . To estimate |||^|''''e***^^^||2,oo we proceed as 
follows. 

|||e|l^le**«)|Uo. < |||e|l^le**«)x{|^|<M}IUo. + |||e|l^le**«)x{|«|>M}IU^- (2.12) 

For the low- frequency part, it is easy to get 

|||e|l^le**(«)x{|«|<M}||L°= < Ml^le^-^. (2.13) 

Now, we move to estimate the high-frequency part || |'C|'^'e***'^''x{|5|>Af}||L°° in (I2.12p . For 
this, we make use of the time weight in the definition of X|.-norm and define for |^| > M, 
g{t,^) := t~|^|l^le**^^^ Using the estimate fl2.6p from Lemma [2. 3^ we get 

\s\ ^^ -^■M|.| 



9it,0<[^^) e-^\^r. (2.14) 

Since M > 1 is large, an application of the estimate fl2.3p from Lemma [2.11 in fl2.14p . 
yields 

s(t.O<{^fe-'f\if'><{Mf,-f, (2.15) 

In light of the estimate f l2.15p . one obtains that 

^^llie|IV*(«^X(|C|>./}IUo. < (^)^e-^. (2.16) 
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Inserting estimates (ESD, (ESD and (EED in d^TT]) . we get 

l£i ,, . /2|s|\ V _N 

p 

The conclusion of the Lemma follows from (12 .Qp and f l2.17p . D 



Ifi /2|s| \ p _ M 
t p ||y(t)uo||L2 < ( j e nkolk" < ||^io|k»- (2.17) 



Lemma 2.5. Lei < T < 1 and t G [0, T]. T/ien /or all s eM., we have 

\\V{t)u4YS<(^^''"\K\\H^. (2.18) 

where the constant Cm depends on M with M as in Lemma \2.1[ 

Proof. The estimate for the first component of the y^-norm has already been obtained 
in (I2.9p . In what follows, we estimate the second component of the y^-norm. We only 
consider the case when s < 0. In the case when s > the estimates follow easily. Using 
Plancherel, we have 

t'^\\d,V{t)u4L^ = t'^Ue'^'^^^uoh^ 

= t'^\\m-'e"'^^HO'^o\\L^ (2.19) 

Now, 

=: Ji + J2- 

(2.20) 

Since (0''' < 1 + |^|''', and t G [0,T] with < T < 1, we have 

Ji < CMt^ < Cm- (2.21) 

Now, we move to estimate the high-frequency part J2. For this, we use the estimate 
()2.6j) from Lemma [2.31 with b = $(0 < and a = — n£i^ we get 
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Since M > 1 is large, (^)''^' < |^|'*', an application of the estimate fl2.3p from Lemma 
ED in fl2:22D . yields 

t'^lCr^'^' (ra)" ^ ^ t^-'^lel^+l^l-- < Cm. (2.23) 

and consequently 

J2 < Cm. (2.24) 

The conclusion of the Lemma follows from (El]), (EUD, (1^:^ . (E2ID and (1^:^ . D 

Lemma 2.6. Let -^ < s, p > 3, <T < 1 and t E [0,T]. Then we have 

iie(e)v*(«^iiL^<^, (2.25) 

liee^''^^^llL?<4r- (2.26) 



"5 '^ 3+ 

r 2p 



Proof. In order to prove (12.251) . let M be as in Lemma [2. ![ we decompose the integral 
lle(e) V*(^^||^ = / e{0''e'^'"^'^d^ + f eiO'-e'^^'^'^d^ =: h + /.. (2.27) 



Ji < / M^e^^'^d^ < 2M'e^^'^ < "j^, . (2.28) 



'|C|<M J\i\ 

In the first integral, since 1 + 2- > and t E [0, 1] we have 

2M3f 2C 
'|C|<Af r^^^T 

Now, we consider the second integral in (I2.27p . For sufficiently large M, if we take 
b = 2$(^) < (see Lemma I^TT]) and a = 1 + 2- > 0, then using the estimates (12. 6p and 
(ra, we get 

-'2 ~ "^ / S (s) T^TTYl^ "S ^ 1+2^ / |(.|-2-2s+p(l+2i) '^^ ~ 1+2^' 

where in the last inequality the fact that — 2 — 2s + p (1 + 2s/p) = p — 2 > 1 has been 
used, and this proves (I2.25p . 
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The proof of the (12.261) is very similar. Again we consider M as in Lemma 12. ![ and 
decompose the integral 

W^'Hl. = [ ee'^^^'^d^ + [ ee'^^^'^di =: J, + J,. (2.29) 

^ J\e\<M J\i\>M 



Since ^ > and r G [0, 1], we have 



r2„2Cr 



3„2Ct 



Ji < / M^e^^^rf^ < 2M-'e^^^ < 

\i\<M 



2M3e2^ 



3± 
T p 



(2.30) 



Similarly as in the case of /2, using (12. 6 p with h = 2$(^) < and a = — > 0, and 
estimate fl2.3D. we obtain 






rf^<- 



rf^ 



< 






where in the last inequality the fact that ~2+p (— ) > 1, has been used, and this proves 
fl2:26|) . D 



Proposition 2.7. Let -^ < s < ^, p > 3, < T < 1 and t E [0,T]. Then we have 



V{t-t')d^{uv){t')dt' 



x= 



< T'^WuWxAMx- , 

II I I -; 1. f-p II I I Vl. ry-i 7 



(2.31) 



where a 



2s+p 
2p 



>0. 



Proof. Using the definition of V{t) and Minkowski's inequality, we have 



V{t-t')d.^{uv){t')dt' 



I f 2 



< / U{0"e^'~''^''^^\u{t') * v{t'))dt'\ 
^^ -^^^ (2.32) 

< £ lle(0^e(*-*')*(«)|U.||(n(?) * t<?))(OI|L^-rft'. 



The Young's inequality, Plancherel identity and definition of X^ norm yield 



(n(?) * t<?))(OIU- < t'-'-^\\u\\x^\\v\\x^. 



(2.33) 
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Combining inequalities f l2.32p , fl2.33p and inequality f l2.25p in Lemma I2.6[ we get 

1 
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V{t-t')d^{uv){t')dt' 



< 



H= 



I I I y\. rj-r II II W rr-i 



t-t'2+F t' — 



dt' 



Making a change of variables t' = tr, we get 



V{t-t')d^{uv){t')dt' 



/^*0 II 11^*- T"! II 11^*- T"^ 



H= 



1 I S 2|£ 

1 — r 2^p r p 



-c/r 



^^O II II -^*- T^ II II -^*- T^ 



Similarly inequality f l2.26p in Lemma 12.61 and fl2.33p give 



(2.34) 



(2.35) 



1=1 



V{t-i^)d^{uv){t)di! 



i2 



5, IImIIx'' ll^llx^i ^ 

II - »-'T^ II 11^*- T"! 



3+ 2|3 

\t - t'V^ \t'\~ 



-dr (2.36) 



Again, Making a change of variables t' = tr, one has 



t~ 



V{t-t')d^{uv){t')dt' 



2p+2s-3"^ 
^^ " II ""ll^r H "^ II Aj, I 3+ 2^ 

L2 ^'O |1 — 7-1 2p |t| p 



2^+28-3"*" 

< t 2p ||u|| vs \\v\\x' ■ 

f^-j W 1 1 -^*- n~' II II ^*- T^ 



(ir 



(2.37) 



D 



Proposition 2.8. Letl-^<s<^-l,p>3,0<T<landte[0,T]. Then we have 



V{t-t'){u^v^){t')dt' 






<^ rnOn II II II 

r^ II ll-'yil ll-'^J 



(2.38) 



where 6 = £^|±^ > 0. 

Proof. We start considering the H'^ part of the F^-norm. Using the definition of V{t) and 
Minkowski's inequality, we have 



V{t-t'){u^v,){t')dt' 



H^ JO 



< / mre^'-''^''^^\^)*Cii^))dt'\ 



(2.39) 



< I ll(e)V*-*')*(«)|L2||(...(t')*t;.(t'))(0iU,-^t'. 
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The Young's inequality, Plancherel identity and definition of Yj, norm yield 

||(u^(t') * Wx(^'))(OIU|° < i' ^ll^lki:||w||y|- 



For M large as in Lemma 12.11 we have 



i(Ov*(^)|ii. 



I?I<M J\£,\>M 



Now, for r G [0, T] and a = 2:^^ > 0, one has 



(2.40) 



(2.41) 



(2.42) 



To obtain estimate for the high frequency part B, we use estimate (12. 6 p with a 

3, to obtain 



2^^ > and 6 = 2$(0 < 0, to obtain 



B < 



<< 



'|5I>A/ r- |<l>(Oh 
where in the last inequality pa — 2s > 1 has been used 
Inserting dHOD, fl^:^^ and ([233D in (ESSD, we get 



, , \C\pa—2s rrO, 



' '''^<^^. 



(2.43) 



V{t-t'){u,v^){t')dt' 



< 



IuWy" ll'^lly^ 



Hs 



,a , , 2(1 + 1^1) 
t-t'2 t'^^ 



dt'. 



(2.44) 



Making a change of variables t' = tr, one obtains 

t 
V{t-t'){u^v,){t')dt 



^ a 2(1+1^1) 

< t 2 p M yHK" y= 

n^ II ll-'yil ll-tji 



J?" 



a 2(l + |s|) 

1 — T 2 7" p 



TW^^- (2-45) 



For our choice of a = ^ ^"'"^^ and s > 1 — | the integral in the RHS of (I2.45P is finite, 
so we deduce that 



V{t-t'){u^v^){t')dt' 



p-2+2s 
< t 2p IImIIvs llf llys 



(2.46) 



H= 



Now, we move to estimate the second part of the y^-norm. 



d,V{t-t'){u^v,){t')dt' 



< / ||ee(*-*')*(«)w.(t')*^^.(t')||L2rft' 

L2 ^0 

Jo 



(2.47) 
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We have that ||mx(^) *Wx(^)||l°° < ^ '' \W\\yA\^\\y^- Taking a = |-, from fl2.26p . one 



2p' 



gets 1 1 ^6"^*^^) 11^2 < ^. So, from (12.471) . one can deduce 



d,V{t-t'){u,v^){t')dt' 



< 



\U\\y= ||f ||ys 



t-t'h t' p 



■dt'. 



(2.48) 



Making a change of variables t' = tr, one obtains from (I2.48P 



(i+i^i) 



d,V{t-t'){u^v^){t')dt' 



<- 1 p 



L2 



iMllyslltillys 



2(l+|s|) 

M — T r* T P 



dr. 



(2.49) 
For our choice of a = |- and s > 1 — | the integral in the RHS of (I2.49P is finite. 
Therefore, from (I2.49p . we obtain 






d,V{t-t'){u,v^){t')dt' 



2p+2s-5+ 
< t 2p llMllys llf llys 



L2 



p-2+2s 
< t 2p llMllys llf llys. 

r-^ II ll-''Ti|| ll-'T^ 



Combining (I2.46P and (l2.5Up we get the required estimate (I2.38p . 



(2.50) 



D 



3. Proof of the well-posedness result 
This section is devoted to provide proofs of the local well-posedness results stated in 



Theorems 11.11 and 11.21 



Proof of Theorem \1.1[ Now consider the IVP (II. ip in its equivalent integral form 



v{t) = V{t)vo- / V{t-t'){v')^{t')dt', 
Jo 



(3.1) 



where V{t) is the semigroup associated with the linear part given by (ll.lSp . 
We define an application 



^{v){t) = Vit)vo- / Vit-t')iv%it')dt'. 
Jo 

For -| < s < f , r > and < T < 1, let us define a ball 



(3.2) 



Bj = {/ G X 



Ti \\J\\X. 



<r}. 
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We will prove that there exists r > and < T < 1 such that the application \E' maps 
BJ into BJ and is a contraction. Let v G Bj. By using Lemma [2.41 and Proposition 12. 7^ 

we get 

\\<i'{v)\\x^<c\\vo\\Hs+cT"\\v\\j,^, (3.3) 

where a = ^ > 0. 

Now, using the definition of Bj^, one obtains 

ll*(^)IUj< ^ + cTV<^, (3.4) 

where we have chosen r = 4c||fo||_f/s and cT°'r'^ = 1/4. Therefore, from 03. 4p we see 
that the application \E' maps Bj into itself. A similar argument proves that \E' is a 
contraction. Hence \1' has a fixed point v which is a solution of the IVP (11.11) such that 

veC{[0,T],H'{R)). D 

Proof of Theorem li.M The proof of this theorem is similar to the one presented for The- 



orem II. 1[ Here, we will use the estimates from Lemma 12.51 and Proposition 12.81 So, we 
omit the details. D 

4. Ill-posedness result 

In this section we will use the ideas presented in fTj] to prove the ill-posedness result 
stated in Theorem 11.31 and 11.41 The idea is to prove that there are no spaces X^ and 
Y^* that are continuously embedded em C([0, T]; H^{M.)) on which a contraction mapping 
argument can be applied. We start with the following result. 

Proposition 4.1. Let s < — | and T > 0. Then there does not exist a space X^ contin- 
uously embedded in C{[0,T]] H^{M.)) such that 

II^W^olU;^ < II^oIIh^, (4.1) 



V{t-t')dMt')rdt'\\x^<\\vr^^. (4.2) 
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Proof. The proof follows a contradiction argument. If possible, suppose that there exists 
a space X^ that is continuously embedded in C{[0,T]] H^{M.)) such that the estimates 
( 14. ip and f l4.2p hold true. If we consider v = V{t)vQ then from (14.1 p and fl4.2p . we get 

II / V{t - t')d4V{t')vo]^dt'\\Hs < ||t;o||H=. (4.3) 

Jo 

The main idea to complete the proof is to find an appropriate initial data Vq for which 
the estimate (14. 3 p fails to hold whenever s < — |. 

Let A^ ^ 1, < 7 ^ 1, /jv := [N,N + 27] and define an initial data via Fourier 
Transform 

tro(0 :=N-^rHx{i.}iO + X{-i^}iO]- (4.4) 

A simple calculation shows that ||fo||/f'' ~ 1. 

Now, we move to calculate the H^ norm of f{x,t), where 

f{x,t):= fv{t-t')d4V{t')vo]'dt'. (4.5) 

Jo 

Taking the Fourier transform in the space variable x, we get 

mo = I* e^(*-*')«^+(*-*')*«)ze {n^o * nt>o) mt' 

Jo Jr 

Jr Jo 

(4.6) 

We have that 

* p*t3?6(Ci-C)+t['J'(Ci)-*(0+*(C-6)] 1 



$(6)-<^(0 + <^(e-6) + ^3ai(6-0' 

(4.7) 
Now, inserting (14.70 in (14. 6p . one obtains 
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de, (4.9) 



where 

^. = {6; e - ^1 e /^, ^1 e -/at} u {^i; 6 e /^, e - ^i e -Z^}- 

We have that \Kf\ > 7 and 

13^1(^1- 01 ^AtV (4.10) 

In order to estimate fl4.9|) we consider two cases: 
Case 1: ^ — ^1 G In, C,i G —In- In this case 

|$(6) - $(0 + <^(e - ^i)l = I - (-6)^ + l^r - (e - 6)^ + $1(6) - <^i(0 + <^i(e - 6)1 

< I - 2{-irei\ + ir - pe-'6 + ■ ■ ■ + p(-i)^-'ar') + ler + $i(ei) - <^i(o + $i(e - ei: 

(4.11) 
Therefore, 

1^(6) - '^{0 + "^(^ - 6)1 < C(A^^ + NP-^) < 2CNP. (4.12) 

Case 2: ^1 G /at, ^ — ^i E —In- In this case 

\mi)-HO + H^-^i)\ = \-ei + \^r-{-im-^ir+^i{^i)-^i{o + ^i{^-^i)\ 

< I - 2eri + li-me - pe^% + ■■■+ p(-i)^~'ar') + ler + $1(6) - $i(o + <i>i(^ - 6; 

(4.13) 
Therefore, 

1^(6) - "^(0 + H^ - 6)1 < C{NP + NP~^) < 2CNP. (4.14) 

From (I4.10p . (14. 121) and (14. 14p we conclude that for any ^i G i^^, we have 

|$(6) - HO + H^ - 6) + 3^^1(6 - 01 < N'{NP-' + 7). (4.15) 



(4.16) 
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Similarly for any S,i & K^, we get, for large N 

*(6) + $(e - ^i) = -lar - 1^ - ar + -^iia) + $i(e - 6) < -2iv^ + civ^'i 

Hence for 7^1, one can obtain 

_e-*7V2 



(4.17) 



< 



2 
Combining (14. 9p . (I4.15P and (I4.17p . using that \z\ > — Re^;, we arrive 

ml. > -r'^N-'-jiyr-r^j^^^y^^r (4.18) 

Taking 7 ~ 1 and A^ very large, we obtain 

\\f\\h>N-'^-'^, 

and this is a contradiction if —4s — 2p > or equivalently s < — |. D 

Proof of Theore'm \1.3[ For vq G H^{M.), consider the Cauchy problem 

vt + v^^^ + r]Lv + (f 2)^ = 0, X e R, t > 0, 

(4.19) 

v{x,0) = evo{x), 

where e > is a parameter. The solution v''{x,t) of (14.191) depends on the parameter e. 
We can write (I4.19P in the equivalent integral equation form as 

v^t) = eV{t)vo - [ V{t- t'){v^)^{t')dt\ (4.20) 

Jo 

where, V{t) is the unitary group describing the solution of the linear part of the IVP 

dnni). 

Differentiating v^{x,t) in (I4.20p with respect e and evaluating at e = we get 

dv''{x,t) 



de 



= V{t)voix)=:vi{x) (4.21) 

e=0 
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and 
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d V%X,t) 



de^ 



e=0 



- / V{t- t')d^{vf{x,t'))dt' =: t;2(a;). 



(4.22) 



If the flow-map is C^ at the origin from if''(R) to C([— T, T]; if*(]R)), we must have 



I II <' II l|2 



(4.23) 



But from Proposition 14. II we have seen that the estimate (I4.23P fails to hold for s < — | 
if we consider vq given by (14.41) and this completes the proof of the Theorem. D 

Now, we move to prove an ill-posedness results to the IVP (ll.2p 

Proposition 4.2. Let s < 1 — | and T > 0. Then there does not exist a space Y^ 
continuously embedded in C{[0,T]; H^{R)) such that 

\\V{t)uo\\Y^ < \\uo\\h'', 



V{t-t'){u.{t'yfdt'\\ys<\\urys, 



(4.24) 
(4.25) 



Proof. Analogously as in the proof of Proposition 14.11 we consider the same vo as deflned 
in (14. 4p . we take Uq := Vq and we calculate the if* norm of g{x,t), where 



g{x,t):= / V{t-t')[d,V{t')uordt' 
Jo 



We have 



9{tm = ^ie'"' / {i - ii)m - ii)iiuo{ii 



gii3«6(6-«)+t-i'(6)+«i'(5-6) _ e**(0 



$(ei) - $(0 + $(e - ii) + ^3^1(6 - 



(4.26) 



dii 



and 



\9\\h 



2 > / ^^^2s 



e 



7/2 



Ui-iiY- 



3iiC6(5i-€)+t*(?i)+t*(€-?i) _ ptHi) 



di. 



K^ $(ei)-$(o + $(e-ei) + 3^^1(6-0 



(4.27) 



where 



Ke = {iu e - 6 e In, 6 e -In} U {^i; 6 e Jjv, ^ - 6 e -In}- 
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Same way as in the proof of Proposition 14.11 we obtain 
Taking 7 ~ 1 and A^ very large, we obtain 

\\9\\% > iv-^^-^^+^ 

and this is a contradiction if —4s — 2p + 4 > or equivalently s < 1 — f. D 



Proof of Theorem \1.4\ For Vq G if*(]R), consider the Cauchy problem 

Ut + u^xx + vLu + {u^f = 0, x G M, t > 0, 
■u(x, 0) = e'Uo(x), 



(4.29) 



where e > is a parameter. The solution u'^{x,t) of fl4.29p depends on the parameter e. 

We can write (I4.29P in the equivalent integral equation form as 

-t 



u'{t)=eV{t)uo- V{t-t'){u^Y{t')dt\ (4.30) 

Jo 

where, V{t) is the unitary group describing the solution of the linear part of the IVP 
Differentiating u'^{x,t) in (14.301) with respect e and evaluating at e = we get 



de 
and 



= V{t)uo{x) =: ui{x) (4.31) 

e=0 



^V =-/ Vit-t')dxiulix,t'))dt'=:u2ix). (4.32) 

If the flow-map is C^ at the origin from H''^{M.) to C{[—T,T]; H^{M.)), we must have 

||w2||Lf?H''(M) ^ lko||i:/s(R)- (4.33) 

But from Proposition 14.21 we have that the estimate (14.331) fails to hold for s < 1 — | if 
we consider uq := Vq given by (14. 4p and this completes the proof of the Theorem. D 
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